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Alzheimer Disease (AD)I

Normal vs. Alzheimer's Diseased Brain

Normal Alzheimer's
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Alzheimer disease is characterized pathologically by the formation of senile plaques
composed of 3-amyloid peptide (AS3). A3 is naturally present in the brain and
cerebrospinal fluid of humans throughout life. By unknown reasons (partially genetic),
some neurons start to present an imbalance between production and clearance of A3
amyloid during aging. Therefore, neuronal injury is the result of ordered Af3
self-association.



The Smoluchowski Equation I

For k € N, let P, denote a polymer of size k, that is a set of k identical particles
(monomers). As time advances, the polymers evolve and, if they approach each other
sufficiently close, there is some chance that they merge into a single polymer whose
size equals the sum of the sizes of the two polymers which take part in this reaction.

By convention, we admit only binary reactions. This phenomenon is called
coalescence and we write formally

Pk+Pj—>P/€—|—ja

for the coalescence of a polymer of size k with a polymer of size j.

We restrict ourselves to the following physical situation: the approach of two clusters
leading to aggregation is assumed to result only from Brownian movement or diffusion
(thermal coagulation).



Under these assumptions, the discrete diffusive coagulation equations read

8"&@'
ot
where Q is the spatial domain and |0, T'] a time interval.

The variable u;(t, x) > 0 (for i > 1) represents the concentration of i-clusters, that
is, clusters consisting of ¢ identical elementary particles, and

Qi(u) = Qqg.i(u) — 9y i(u) 1> 1 (2)
with the gain (9, ;) and loss (9; ;) terms given by

—1
1 (]
Qgi =5 D i timju (3)
j=1
0
Qui = U Z ;5 U (4)
j=1

where u = (ui)izl.



A Mathematical Model for the Aggregation and Diffusion

of 3-Amyloid Peptide'

Figure 1: Periodically (left) and randomly (right) perforated domains.

In the present work, we account for the non-periodic cellular structure of the brain.

The distribution of neurons is modeled in the following way: there exists a family of
predominantly genetic causes, not wholly deterministic, which influences the position
of neurons and the microscopic structure of the parenchyma in a portion of the brain

tissue Q.



We consider non-periodic random diffusion coefficients and a random production of
A3 in the monomeric form at the level of neuronal membranes.

This together defines a probability space (€2, F, P).

Denoting by w € Q) the random variable in our model, the set of random holes in R™
(representing the neurons) is labeled by G(w).

The production of 3-amyloid at the boundary I'(w) of G/(w) is described by a random
scalar function (z, w).

The diffusivity, in the brain parenchyma, of clusters of different sizes s is modeled by
random matrices D (x, w) on €.

We assume that the randomness of the medium is stationary, that is, the probability
distribution of the random variables is shift invariant.

The assumption of stationarity provides a family of mappings (7..) : 2 — Q such

that n(z,w) = n(mw), Ds(x,w) = Dg(Tw).

rxeR™

The stationarity of the coefficients and the resulting dynamical system 7,. transfer
some structural properties from R™ to {2 such that we could formally identify {2 ~ R.



In the following, € will denote the general term of a sequence of positive reals which
converges to zero.

We introduce the vector-valued random function ¢ : [0, 7] x Q° — R,

u® = (us,...,u5;) (with M & N being fixed) where the variable v¢ > 0 (1 < s < M)
represents the concentration of s-clusters, while u5, > 0 takes into account
aggregations of more than M/ — 1 monomers.

With these notations, our system reads:

8521 — div(D1(t, 7, Tz w) Vyug) + uj Zj]\il arju; =0 in[0,T] x Q°
[D1(t, v, T2w) Vyui]-n =0 on [0,7] x 0Q

9 (9)
[D1(t, 2, Tew) Voui] - vrg = en(l, 2, Tzw) on [0,T] x T'g

\ui(0,2) =T in Q°




fl<s< M

( Ou . .
o div(Ds(t, z, T2 w) Vyug) + ug Z;\il s jUs = s Zj:} ajs—jusug ; in[0,T] x Q¢
[Ds(t,w, 72w) Vaug] -n =0 on [0,7] x 0Q
9 (6)
[Ds(t, @, Tew) Vaug] - vrg, =0 on [0,T] x I'g
\uZ(O, xr) =0 in Q°
and eventually
( 8u§\4 . € 1 € ;
o — div(Duy(t, o, 72w) Vauly) = 5 22 jrrem ajpujup inf0,T] x QS
k< M (if j=M)
J<M(if k=M)
) D (t, x, Tew) Veu,] -n =0 on [0,7] x 0Q
(7)
(D (b, @, Tew) Vauyy| - vrg, =0 on [0, 7] x I'g
| uqr(0,2) =0 in Q°




We assume that the movement of clusters results only from a diffusion process
described by a stationary ergodic random matrix

(dz‘?,j(t,l‘,T%w)) =: Dy(t,z,720) 1<s< M

i,=1,....m o
where (t,z) € [0,T] x Q.

The production of S-amyloid peptide by the malfunctioning neurons is described
imposing a non-homogeneous Neumann condition on the boundary of the holes,
randomly selected within our domain.

To this end, we consider on I'g, a stationary ergodic random function

n:[0,T] x Q x Q — [0,1] (8)
where the value '0’ is assigned to "healthy’ neurons while all the other values in |0, 1]

indicate different degrees of malfunctioning.

Moreover, we assume that 7 is an increasing function of time, since once the neuron
has become 'ill', it can no longer regain its original state of health.



Stationary ergodic dynamical systems I

Definition 1 (Dynamical system). Let (2, F,P) be a probability space. An
m-dimensional dynamical system is defined as a family of measurable bijective
mappings 7. : 2 — Q, x € R™, satisfying the following conditions:

(i) the group property: 7o = 1 (1 is the identity mapping), T+, = T o7, Vz,y € R™;

(ii) the mappings T,, : {2 — $) preserve the measure P on (), i.e., for every x € R™,
and every [P-measurable set ' € F, we have P(1,F) = P(F);

(iii) the map T : 2 x R™ — Q: (w, z) — T,w is measurable (for the standard
o -algebra on the product space, where on R we take the Borel o-algebra).

Definition 2 (Ergodicity). A dynamical system is called ergodic if one of the following
equivalent conditions is fulfilled:

(i) given a measurable and invariant function f in €}, that is
Ve € R™  f(w) = f(Tow)
almost everywhere in 2, then
f(w) =const. for P—a.e. we ;

(i) if F € Fissuchthatt,F = F VYx € R™, thenP(F)=0o0rP(F)=1.
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Definition 3 (Stationarity). Given a probability space (X2, F,P), a real valued process is a
measurable function f : R™ x Q — R. We will say | is stationary if the distribution of
the random variable f(y,-) :  — R is independent of y, i.e., for all a € R,

P({w : f(y,w) > a}) is independent of y. This is qualified by assuming the
existence of a dynamical system, : Q0 — Q (y € R™) and saying that f : R™ x Q@ — R
is stationary if

f(y+y/7w) — f(y,Ty/w) for all y,y’ € R™ and w € ().

We say that a random variable f : R™ x (2 — R is stationary ergodic if it is stationary
and the underlying dynamical system is ergodic.

Remark 1. A function [ is stationary ergodic if and only if there is some measurable
function f : QO — R such that

~

flr,w) = f(rpw).
For a fixed w € € the function z — f(r,w) of argument x € R™ is said to be a
realization of function f.

11



Let LP(Q2) (1 < p < oo) denote the space formed by (the equivalence classes of)
measurable functions that are [P-integrable with exponent p and L>°(Q2) be the space
of measurable essentially bounded functions.

If f € LP(Q), then [P-almost all realizations f(7,w) belong to L? (R™).

loc

Recalling:

L? (R™) :={f € L}, .(R™;R™) | YU bounded domain, 3p € H'(U) : f =V},

pot,loc loc

L2 (R™) := {f€L2 (R™;R™) | f-ngJ:OVgoncl([Rm)}

sol,loc loc
[Rm

we can then define corresponding spaces on {2 through

L2

pot

L () :={f € L*(QR™) : fu € L2 10o(R™) for P —ae.w € Q} |

sol sol,loc

(Q):={f e L*CuR™) : f, €L (R™) forP —ae.w € Q} ,

pot,loc

Voot () := {f € Lpot (1) - /Qfd[P ) O} |

These spaces are closed and

LA R™) = Lyt () & Vyoy ()

sol P

12



Random measures and random sets.

By /\/l([Rm) we denote the space of finitely bounded Borel measures on K™ equipped
with the vague topology, which makes M([Rm) a separable metric space.

The o-field defined by this topology is denoted by B(M) since it is a Borel o-field on
M.

A random measure is a measurable mapping

te : 1 — M(R™),  w— g,

which is equivalent to the measurability of all mappings w — . (A), where A C R™
are arbitrary bounded Borel sets.

A random measure is stationary if the distribution of p,,(A) is invariant under
translations of A.

13



For stationary random measures we find the following important property.

Theorem 1 (Existence of Palm measure and Campbell’s Formula). Let L be the
Lebesgue-measure on R™ with dx := dL(z).

Then there exists a unique measure p onf) such that

/Rmf:w w) djt (2)AP(w /m/f:vwdm: w)da

for all B(R™) x B(£))-measurable non negative functions and all jip X L- integrable
functions.

Furthermore

up(4) = / / mg(s)xAmw)duw(s)an(w), ©)

/Q fw)dpp = / | s (s)dp ) (10)

for an arbitrary g € L*(R™, L) with me x)dz = 1 and up is o-finite.

The measure Lp is called Palm measure.

14



One important property of random measures is the following generalization of the
Birkhoff ergodic theorem.

Lemma1. LetQ C R™ be a bounded domain, ¢ € C(Q) and f € L'(Q; up). Then, for
almost every w € ()

lim /Q o) f(r2w)dps, (x / / o) F(@)dpup (@) dz. (1)

A further useful result:

Lemma 2. Let@Q C R™ be a bounded domain and let f € L>=(Q x Q; L ® up). Then, |
has a B(Q) ® JF -measurable representative which is an ergodic function in the sense
that for almost every w € €) and for all ¢ € C(Q) it holds

;g%/fa:w 7) dyis //f v) dup () dz,

tim [ |femzo)l o) i@ = | [ 1.1 ple) dun @) an

forevery1l < p < oc.
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We consider random sets of the following form.

For every w € Q) the set G(w) is an open subset of R™. The boundary I'(w) = 0G(w) is
a (m — 1)-dimensional piece-wise Lipschitz manifold.

Furthermore, we assume that the measures

po)i= [ drs g (4) = M HANTW)
ANGE (w)
are stationary.

Hence, there exist corresponding Palm measures pp for p,, and pr p for .
Remark 2. If A is a bounded Borel set, then

pe (A) =™ py(e7t A) (13)

Hp(w) (A) =™ pr) (e P A) = eH™ HANT (W)). (14)
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Concerning the random geometries, we make the assumptions listed below.

Definition 4. An open set G C R™ is said to be minimally smooth with constants
(6, N, M) if we may coverl' = OG by a countable sequence of open sets (U;), ., such
that

1) Eachx € R™ is contained in at most N of the open sets U;.
2) For any x € T, the ball Bs(x) is contained in at least one Uj;.

3) For any 1, the portion of the boundary 1" inside U; agrees (in some Cartesian
system of coordinates) with the graph of a Lipschitz function whose Lipschitz
semi-norm is at most M .

Let Q be a bounded domain in R™. For given constants (4, IV, M), we consider G(w) a
random open set which is a.s. minimally smooth with constants (6, N, M) (uniformly
minimally smooth).

We furthermore assume that G'(w) := [, Gi(w) is a countable union of disjoint open
balls GG;(w) with a maximal diameter dy.

17



We consider G°(w) := eG(w) and

Q°(w) == Q\ ( U 5Gz~(w)> , Tglw):= U 0(eG;(w)),
)

1€l (w 1€l (w)

I.(w):={i : eG;(w) C Qandedy < min{d(x,y) : = € IeG;(w)), y € 0Q}} .

Lemma 3. Suppose these assumptions are satisfied. Then, there exists a family of
linear continuous extension operators £. : W1P(Q°) — W1P(Q) and a constant
C > 0 independent of € such that £.¢ = ¢ in Q°(w) and

/]é’ggb]pd:ch/ 6P da,
Q g

/ V(ES)Pdr < C / VP da,
Q g

P-a.s. forany ¢ € WP (QF) and forany p € (1, +00).

18



Stochastic two-scale convergence I

Definition 5. Let U := (v;),.,, be the countable dense family of C,(£2)-functions,

A = (pi)ien be a countable dense subset of C(Q), w € Qy (set of full measure) and
u® € L2(0,T; L*(Q)) for all = > 0.

We say that u® converges (weakly) in two scales tou € L?(0,T; L?(Q; L*(Q),P))), and

write u — w, if for all continuous and piece-wise affine functions
¢ : [0,T] — spanW¥ x A there holds, with ¢, - (t, z) := ¢(t,z, Tzw),

T T
lim/O /Qus(t,x)gbw,g(t,x)dxdt:/() /Q/Qu(t,x,d)) o(t,x,0)dP(w)dxdt. (18)

e—0

e , , e 28 ,
We say that = converges strongly in two scales to u, written u= — w, if for every
weakly two-scale converging sequence ¢ € L2(Q) with v° 22 v € L2(Q; L%(Q)) as
e — 0 there holds

lim [ w0 dx:/ /uvd[P(cD) dx . (19)
e—0 Q QJo

19



Lemma 4. LetT > 0. Then, every sequence (u®).., withu® € L*(0,T; L*(Q)) satisfying
|u®]| 20,722 (q)) < C for some C' > 0 independent from ¢ has a weakly two-scale
convergent subsequence with limit functionw € L*(0,T; L*(Q; L*(Q, P))).

Lemma 5. There exists Q C Qy of full measure such that for allw € ) the following
holds: Ifu® € H'(Q;R™) for alle, with |Vu* | 12(q) < C for C independent frome > 0,
then there exists a subsequence denoted by u¢, functions u € H'(Q; R™) and

v e L*(Q; L?,,(Q)) such thatu® — u weakly in H*(Q) and

pot

Vit BVu+v  ase—0. (20)

Lemma6. LetT > 0. Then, every sequence (u®)_., withu® € L*(0,T; L*(Q)) satisfying
|u®]| 20,722 (q)) < C for some C' > 0 independent from ¢ has a weakly two-scale
convergent subsequence with limit functionu € L?(0,T; L*(Q; L?(2,P))).

Furthermore, if ||0;u® || 12 0,7.12(q)) < C uniformly ine, then also
2
Oyu € L2(0,T; L2(Q; L2(2, P))) and dyu® =X d,u.

20



Domains with holes

Lemma 7. Letu® € L?(Q) be a sequence of functions such thatsup,.  ||u®||2(q) < .
If (us').r_o is a subsequence such that u’ 22y for someu € L?(Q; L?(2)), then

e 28
(i XQE u XGC ;

Lemma8. Letu® € L?(0,T; H(Q°(w))) be a sequence of functions such that
SUp (|l 20751 (@2 wn)) F 1907l 220, 7312(Qe ) < 00

Then there exist functions u € L*(0,T; H*(Q)) with 0;u € L?(0,T; L*(Q)) and
ve L*(0,T; L*(Q; L?,.())) such that E.ut—u weakly in L*(0,T; H*(Q)) and

pot

E.uf — wu strongly in L*(0,T; L*(Q)) as well as

2 2 2s
ut =X Xgo U, Oput = Xce Orw, and Vu® = xaeVu+ xaov.

21



Homogenization I

We obtain the following “deterministic” (i.e. for fixed w € Q) existence and regularity
result.

Theorem 2. Suppose all the assumptions on our random domain hold.

Then forP-a.e. w € 2 and for any € > 0 the system (5)- (7) admits a unique maximal
classical solution

such that

(i) there exists a. € (0,1), o depending only on N, A\, A*, ¢ and w, such that
ut € C1He/2249(10,. 7] x Q°,RM) forP-ae. w € Q and

[ug lertarzzrao,rixqe Ry < Co = Co(Ut, [0l oo (0. 1y xg@x0) K- € wsa); (21)

(i) ug, ;(t,x) > 0for(t,x) € [0,T] x Q°,P-aeweandj=1,..., M.

22



In the sequel we shall rely on the fact that statements that hold P-a.e. can be seen as
deterministic assertions, since they hold whenever Q¢ is a set enjoying the regularity
properties described previously.

Theorem 3. Letug, = (ug, 4, ..., ug, ;) be a unique classical solution to the system (5)-
(7), then

Jugallzee (o, 71 @) < U] + CH”HLoo([o,T]xaxﬂ)v (22)
forP-a.e. w € ), where c is independent of ¢ > 0.

In addition, there exists X > 0 such that

g, ;1 oo (o, @) < K (1<j<M) (23)

for P-a.e. w € Q, uniformly with respect toc > 0.

Theorem 4. The sequence (V,ug, ;)->0 (1 < j < M) is bounded in L*([0,T] x Q°) for
P-a.e. w € Q, uniformly ine.

In addition, the sequence (Oyu, ;)->0 (1 < j < M) is bounded in L*([0,T] x Q°) for
P-a.e. w € Q, uniformly ine.

23



Main statement

Theorem 5. Letus(t,x) (1 < s < M) be a family of nonnegative classical solutions to the
system (5)-(7).

Denote by a tilde the extension by zero outside Q°(w) and let x ¢ represent the
characteristic function of the random set G®(w) (where Gt is the complement of G,
representing the set of random holes in R™).

Then, the sequences (uf).so, (V4us)eso and (5;5%)90 (1 < s < M) stochastically
two-scale converge to: [x e us(t, z)], [xae (Vaus(t, z) + vs(t, z,w))], [Xge O us(t, x)]
1 < s < M), respectively.

The limiting functions [(t, x) — us(t, x), (t,z,w) — vs(t,z,w)| (1 < s < M) are the
unique solutions lying in L*(0,T; H'(Q)) x L*([0,T] x Q; L2,,(9)) of the following
two-scale homogenized systems:

24



If s = 1:

9 a(%l( r) — divg [D*(t T) qul(t,x)]
< —|—9u1(t,a:)z;wlaljujta: /pr o Nt z,w)dur p(w) inf0,T] x Q (24)
1Dy (t,x) Vyuq(t,x)] - n=0 on [0,7T] x 0Q
L u1(0,2) = Uy in Q
If1 <s < M:

(
6 %“ts (t,x) — divg | Di(t, x) Vyus(t, )
+0 us(t, x) Z;‘{l as ju;(t,x)
<:g2j iajs ju(t, ) us—;(t, z) in[0,7] x Q (25)
|[D%(t,x) Vyus(t,x)]-n=0 on [0,T] x 0Q
| us(0,2) =0 in Q

25



If s = M:

/

6 ag—éw(t, x) — divg | Dy, (t, x) Vaupn(t, x)
=05 jien ajpu(te)u(t, ) n[0,T] x Q
4 k<M (if j=M) (26)
J<M (it k=M)
D3y (t,x) Vaup(t, )] - n=0 on [0, 7] x 0Q
\UM(O,IE):O inQ

where 0 = [, xgo dup(w) = P(GP).

D (t, x) is a deterministic matrix, called "effective diffusivity”:

(D;)ij(tﬁx) — /QXGC DS(taxaw)(wi(taxaw) + él) ' (wj(t7x7w) + éj) le(w)

(wi)1<i<m € L2([0,T] x Q; L2, (G")) the family of solutions of the following
microscopic problem:

—divg [ Dy (t, z, w)(w;(t, z,w) 4+ &) =0 in GC -
Dy (t, z, w)[w;(t, z,w) + & - vr_g =0 on I'~c.
i Oug
vs(t, x,w) = Z w;(t, x,w) (t,x) (1<s<M).

ébvi

=1
26



Proof of the main Theorem.

In view of the previous Theorems, the sequences

—_ 8
ous,

(1S) .0 (Vzus), s and (W) (1 < s < M)are bounded in L?([0,T] x Q).
e>0

Therefore, they two-scale converge, up to a subsequence, respectively, to:

Xae us(t, )], [xge (Vaus(t, z) +vs(t, ,w))], [XgeOrus(t, )], where
us € L?(0,T; HY(Q)) and v, € L?([0,T] x Q; L?_,(2)).

pot

As test functions for homogenization, let us take
¢ (t,z,w) 1= ¢o(t, ) + € o(t, x)Y(T2w) (28)

where ¢g, ¢ € C1([0,T] x Q) and ¢p € ¥, with ¥ being the set of bounded continuous
functions.

27



In the case when s = 1, let us multiply the first equation of (5) by the test function ¢°.
Integrating, the divergence theorem yields

T € T
/ / oug (t,x,w) dx dt + / / <D1 (t, 2, T2w)Vug, Vq§5> dx dt
0 Jor(w) Ot Q°(w)

T
‘|‘/ / ’Ujlzalj §¢€tl‘w dl‘dt—&‘/ / tx,T§W)¢€(t,l‘,w)de_ldt,
0 JQ%(w)

J 1 (w)

Passing to the two-scale limit, as ¢ — 0, we get

/ //XG“az;js1 t, ) ¢o(t, x) dP(w) dz dt

/ / /XGcD1 (t,x,w)[Vzur(t,z) + v1(t, x,w)]
[Vao(t, ) + oL, 2)Vuip(w)] dP(w) dz di

+/O /Q/QXchl(t,x)Zal,juj(t,x)¢o(t,x)dP(w)dxdt

T
_ / / / \r, o 1t 2,0) Go(t, ) dpirp (w) da dt. 28)
0 QJQ

28



The term on the right-hand side of (28) follows from the lemma

Lemma 9. Let(g;),., be a countable family in L>(Q x I'; L x ur p). Then there exists a
set of full measure )y C () such that for almost every w € Qy, everyi € N, everyy €¢ ¥
and every o € Cy,(Q) the following holds:

tim [ g0 (. 72) olr)reni o) = [ ] 0 )e(@00@) dpr p(@)

The last term on the left-hand side of (28) has been obtained by observing that

g
Eguj — Uy

strongly in L?(0, T; L?(Q)) and that the two-scale convergence of

- 2¢
Uq XagoUl

implies weak convergence of

U B (- w) — 11 o / Yo dP(w)
in L2(0,T; L*(Q)).

29



An integration by parts shows that (28) can be put in the strong form associated with

the following homogenized system:

—divg,[D1(t, x,w)(Veur (t,z) +v1(t, x,w))] =0

[D1(t, z,w)(Vyuy(t,x) + v1(t, z,w))] - vp g =0

8u1
ot

in [0, 7] XQXGE

on [0,7] x Q x T'~c

0 —(t,x) — div, [/Q Xae Di(t, x,w)(Vaur(t, x) +v1 (8, z,w))dP(w)

M
+ Ouq(t, x) Zal,j ui(t,r) — / Xr g (¢, z,w) dprp(w) =0 in [0,T] x Q

j=1 ‘2

[/QXGG Di(t,z,w)(Vzui(t,z) + v1(t,z,w)) dP(w) | - n

30

0

on [0,7T] x 0Q.

(31)



To conclude, by continuity, we have that

uy(0,2) = Uy in Q.

The function v4 (¢, z, w), satisfying (29) and (30), can be expressed as follows

m
8u1

vy (t, r,w) = Z w;(t, x,w) 5 (t,x) (33)

1=1

where (w;)1<;<m € L*([0,T] x Q; L2, (G®)) is the family of solutions of the
microscopic problem

—divy, [ D1 (t, z,w)(w; (t, z,w) + &) = 0 in GC -
Dy (t, z,w)|wi(t, z,w) + & -vr_g =0 on I"~c

and é; is the 2-th unit vector of the canonical basis of R™.
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By using the relation (383) in Egs.(31) and (32), we get

M
0 %(t, r) — div, [D{(t, x) Vu(t, a:)] + Quy(t, x) Z ay ju;(t, x)

ot .
7=t (35)

- [ xrenttn @ =0 00T %@

[DIVui(t,z)] -n=0 on [0,T] x 0Q (36)

where the entries of the matrix D7 (called "effective diffusivity”) are given by

(DY)ij(t,x) = /Qch Di(t,x,w)w;(t, z,w) + & - [w;(t,z,w) + &;] dP(w).  (37)

The proof for the case 1 < s < M is achieved by applying exactly the same arguments.
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